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INTRODUCTION 
The purpose of this investigation is to show that it is economically 
feasible to produce marginal gas wells in such a manner that all the gas 
from the edge of the field will be captured by the first row of wells. 
I -n this problem the permeability of the sand is to be variable but known, 
and the effects of this variable permeability on the pressure distribution, 
and resulting gas production, will be discussed. 
In many gas fields the point at which it is generally considered 
unprofitable to drill new wells is well inside the boundary of the reservoir 
This is due primarily to a reduction of permeability and porosity as the 
boundary of the reservoir is approached. The quantity of gas which is 
outside the economic limit is frequently quite large in relation to the 
amount within the drainage area of any interior well. It will subsequently 
be shown that all this large quantity of marginal gas will flow into the 
first, or marginal, row of wells as long as they are maintained at a 
bottom hole pressure below that which would exist at their point of location 
if they were not producing, i.e., capped~ 
Two problems have been solved. The first ·to show the effect of vari-
able permeability on the pressure distribution about a single marginal 
well; and the second to show the pressure distribution, and consequently 
the production, of a line array of three wells leading into the center 
of the field over a period of four years as the field is depleted. 
(1) In both problems the relaxation method of R. v. Southwell has . 
(l) Southwell, R. V., Proc. Royal Society,. Series A, Vol. 168, PP• 317-
35'0, 1938. 
been used to determine the pressure distribution at the interior points 
of the drainage area. The basic idea in solving steady state fluid flow 
problems by the relaxation method is that the fluid mass in any closed 
system can neither be created nor destroyed. In other words, at steady 
flow conditions the total quantity of fluid, Q, at any interior point, 
at any instant of time, must be zero, e.g., as much fluid is flowing to-
ward the point as is flowing away from it. 
The above idea is the basis for the solution of fluid flow problems 
involving steady state conditions. The drainage area is to be replaced 
by an equivalent network of pipes through which all the gas is assumed 
to flow. Essentially the solution proceedure is to assume values of 
pressure at each interior intersection of the pipes and calculate Q for 
the intersection using D'Arcy's Law. 
Since, for steady flow the net Q = 0, it is necessary to reassign 
values of pressure until Q approaches zero to the desired degree of 
accuracy. 
It has been shown by A. A. Zwierzchowski ( 2) that the relaxation 
(2) Zwierzchowski, A. A., The Application of the Relaxation Method to 
the Solution of Problems Involving the Flow of Fluids Through Porous 
Media, Thesis, Missouri School of Mines and Metallurgy, Rolla, Mo., 
1949. 
method is applicable to steady state fluid flow problems, so it will not 
be the purpose of this paper to prove the validity of the method. How-
ever, the proceedure has been expanded to include variable permeability. 
In the first problem of this thesis it was found that after first 
relaxing the entire drainage area to an approximate value it was quicker 
to assume a numb~r of new simpler networks involving a few of the in-
terior points in the original problem and solve these to completion. 
After this was done the values found from the simpler networks were ap-
plied to the solution of the entire drainage area. The original network 
3 
solution was then completed using the values obtained from the simplifi-
cations. 
REVIEW. OF LITERATURE 
Numerical methods of solution of steady flow problems appear to have 
had their beginning in the work of Cross (3) who used an approximate 
(3) Cross, H., Analysis of Flow in Networks, Univ. of Illinois Eng. Expt. 
Sta., Bull. 286, Nov. 1936. 
method in the solution of municipal water distribution networks. Inde-
pendently and with essential modifications, a similar method was developed 
by Southwell. ( 4 ) For the solution of mechanics problems Southwell called 
(4) Southwell, R. v., op. cit., P• 1. 
it the relaxation method but did not use it to solve fluid flow problems. 
The application to the field of heat transmission was first made by 
Emmonds, (5) in 1933-34. Since that time many texts, papers, and articles 
(5) Emmonds, H. w., The Numerical Solutian ,o£ Heat Conduction Problems, 
Trans. A.S.M.E., Vol. 65, No. 6, 1943. 
have been written on the subject of the relaxation method as a method of 
obtaining approximate solutions to problems in the fields of heat trans-
mission, electrical conduction, etc. Notable among these are the text 
by Dusinberre, ( 6) and a report by Shaw, (7) which was not available to 
(6) Dusinberre, G. M., The Numerical Analysis of Heat Flow, lst Ed., N. Y., 
McGraw-Hill, 215 p. 
(7) Shaw, F. s., The Torsion of Solid and Hollow Prisms in the Elastic 
and Plastic Range by Relaxation Methods, Australian Council for Aero-
nautics Report, ACA 11, Nov. 1944. 
the author, which extends the relaxation method well beyond the limits of 
heat transmission problems. 
The only work known to the author in the field of the flow of homo-
geneous fluids through porous media which treats the problem from the 
relaxation method standpoint is by Zwierzchowski. ( 8) This work considers 
(8) Zwierzchowski, A. A., op. cit., p. 2. 
only flow into a single well from regions of constant permeability. 
Muskat's (9) text considers a great variety of fluid flow problems but 
(9) Muskat, M., Flow of Homogeneous Fluids, J. W. Edwards, Inc., Ann 
Arbor, Mich., 749 p., 1946. 
only from an analytical standpoint and again with constant permeability. 
PROBLEM 1 
SOLUTION OF A PROBLEM INVOLVING 
A SINGLE VARGINAL WELL DRAINING 
A RECTANGULAR DRAINAGE AREA OF 
VARIABLE PERMEABILITY 
For this problem the drainage area is to be that shown in Fig. 1. 
The following information is given: 
Well bore - 0 feet (point sink) 
Well pressure - 0 psia 
Drainage area 
500 feet inward from the well 
500 feet on either side of the well 
5500 feet to the edge of the field 
Drainage pressure - 1200 psi over the entire boundary. 
The thickness of the sand is constant, i.e., A • 1. 
The quantity is to be 100 units for a distance of 500 feet 
on all sides of the well. From this point outward to the 
edge of the field, the value of kYoA is to decrease 
Z..,l( 
lineally with distance to a value of 10 units at the edge 
of the field. This is shown graphically in Fig. 2. 
Steady flow conditions prevail. 
To solve the problem the following assumptions will be made: 
1. The flow is to be isothermal. 
2. The pressure distribution need be found for only one half of the 
drainage area since there is an axis of symmetry running through 
the figure from aO to al4. Consequently, only one half of the 
total drainage area is shown in Fig. 1. 
3· The initial pressure assumptions at the unknown points are to be any 
convenient value. 
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where: 
!"'\ is the mass flow 
"" 
k is the permeability 
lf0 is the gas density at the well 
A is the sand area 
A( is the gas viscosity 
L is the length of flow path 
P12 - p22 is the difference of the squares of the source and 
sink pressures 
k. "toA Since for any area of flow the term can be taken as constant 
~~~ 
for the area, this equation can be given in the form 
And since the relaxation method usee a single pipe to represent an area, 
it only remains to evaluate ~ for each pipe to be able to apply the 
Z~L. 
method to an area of variable permeability and variable length. Also, 
since the mass flow is proportional to the difference of the squares of 
the pressures, values of p2 must be used to calculate the Q's. In the 
pipes where there is a change in the value of klroA from one end of the 
z~ 
pipe to the other, and arithmetic average of the two end values is used. 
A sample calculation for pipe [cl- c2] where the value of klioA is 
~.~ 
constant (100 units) and also for pipe [ bll .:. bl2] where the value of 
~~~ is the average of the values at bll and bl2 is shown. 
2.4( 
The values for k~oA for each pipe are tabulated in Table 1. These 
.Z..({~ 
values in Table 1 are also shown on the proper pipe in Fig. 1. 
For pipe [cl - c2 J 






Value ot Pipe 
-
Value of Pipe 
-
Value of Pipe 
-
Value of 
~ ~ k 'l'.A k l"'o A 
-%...1(~ a.l( L..- ~L- ~L 
aO - a1 0.,5'000 blO - bll 0.1,5'50 a3 - b3 1.000 all - bl1 0.7300 
al - a2 0.,5'000 bll - bl2 0.0640 b3 - a3 0.,5'000 bl1 - ell 0.36.5'0 
a2 - a3 1.000 b12 - blJ 0.460 c) - d3 o.sooo ell - dll 0.3650 
a3 - a4 1.000 b13 - bl4 0.0157 a4 - b4 1.000 a12 - b12 0.5,5'00 
a4- aS 0.,5'000 cO - cl o.sooo b4 - c4 0.5000 b12 - cl2 0.27500 
a5 - a6 0.,5'000 cl- c2 0.5000 c4 - d4 0.,5'000 cl2 - d12 0.2750 
a6 - a7 0.9910 c2 - c3 1.000 a5 - .b5 1.000 al3 - bl3 0.3700 
a7 - a8 0.4820 .c3- c4 1.000 b5 - c5 0.5000 b13 - cl3 0.1850 
a8 - a9 0.3063 c4 - c5 0.5000 c5 - d5 0.5000 cl3 - d3 0.1850 
a9 - a10 0.2140 c5 - c6 0.5000 a6 - b6 1.000 
alO - all 0.1550 c6 - c7 0.9910 b6 - c6 o.sooo 
all - al2 0.0640 c7 - c8 0.4820 a6 - d6 0.5000 
a12 - al3 0.0460 c8 - c9 0.3063 a7 - b7 0.9820 
al3 - al4 0.01.5'7 c9. - clO 0.440 b7 - c7 0.4910 
bO - bl 0.5000 clO - ell 0.1550 c7 - d7 0.4910 
b1 - b2 o.sooo ell - cl2 0.0640 a8 - b8 0.9460 
b2 - b3 1.000 cl2 - c13 0.0460 b8 - c8 0.4730 
b3 - b4 1.000 c13 - c14 0.01.5'7 c8 - d8 0.4730 
b4 - b5 o.sooo al - b1 1.000 a9 - b9 0.8920 
.b5 - b6 o.sooo b2 - cl o.;ooo b9 - c9 0.4460 
b6 - b7 0.9910 c1 - dl o.sooo c9 - d9 0.4460 
b7 - b8 0.4820 a2 - b2 1.000 a10 - b10 0.8200 
b8 - b9 0.3063 b2 - c2 . o.sooo blO - clO 0.4100 
b9 - b10 0.2140 c2- d2 o.sooo cl8 - d10 0.4100 
For pipe [bll - bl2] 
Point bll k"t"sA 55 2J(. (see Fig. 2) 
Point bl2 ~= 73 (see Fig. 2) ~.4( 
Ave. kY8 A ~55+ 7.L = 0.0640 ~.Af..L 2 X 1000 
The initial pressure assumptions, or more precisely, the initial 
values for p2 are given for each point in Table II. 
A sample calculation is now shown for the Q of an interior point 
using point c2 
Qc2 • O.S {p2 d2 - P2 c2) +- 1•0 (p2 c3 - P2c2} + o.s (p2 cl - P2 c2) 
10 
~ o.s (p2b2 - P2c2) 
: O.S(l,OOO,OOO - 810,000) + 1.0(810,000 - 810,000) 
+ o.S(1,44o,ooo - 8lo,ooo) + o.5(36o,ooo - 8lo,ooo) 
: + 185,000 units 
Table III shows the results of the computations up to the point 
where the first simplified network was introduced. 
At this point the first simplified network for the drainage area 
of Problem 1 was set up as shown by the heavy lines in Fig. 3· Since 
the length of the pipes is not the same as those in Fig. 1, new values 
for the constant k1roA must be calculated for each new pipe. The 
Z~L 
method of calculation is the same as before. These new values of k~.A 
Z4L 
are tabulated in Table IV. Th~ initial assumptions for p2 in this 
simplification are the last determined in the tabulation o£ Table III. 
Table V shows the results of the computations for the values of 
P2 in the first simplification. 
, 
TABLE II 
Point Value of p2 Point Value of p2 Point Value of p2 
a1 58,400 bl 640,000 cl 1,ooo,ooo 
a2 57,600 b2 360,000 c2 810,000 
a3 0 - well b3 250,000 c3 810,000 
a4 625 b4 250,000 c4 810,000 
a5 10,000 b5 250,000 c5 810,000 
a6 40,000 b6 360,000 c6 1,000,000 
a7 90,000 b7 360,000 c7 1,ooo,ooo 
a8 160,000 b8 490,000 c8 1,ooo,ooo 
a9 250,000 b9 640,000 c9 1,ooo,ooo 
a10 360,000 blO 640,000 clO 1,ooo,ooo 
all 490,000 bll 810,000 ell 1,210,000 
al2 640,000 b12 1,ooo,ooo cl2 1,210,000 
al3 1,ooo,ooo bl3 1,210,000 cl3 1,322,500 
TABLE IV 
Pipe Value of Pipe Value of Pip·e Value of 
k -c-. A k'r"oA kl(0 A 
~.4(.1.. Z~L.. Z...t{ L, 
aO - a2 0.2,500 bO - b2 0.2,500 a2 - c2 0.3300 
a2 - a3 1.0000 b2 - b3 1.0000 c2 - d2 o.sooo 
a3 - a6 0.2000 a3 - a6 0.2000 a3 - c3 0.3300 
a6 - a10 0.0910 a6 - alO 0.0910 c3 - d3 o.sooo 
alO - a14 0.0115 alO - a14 0.0115 a6 - c6 0.3300 
c6 - d6 o.sooo 
alO - clO 0.2930 
clO - d10 0.4100 
518,000 
+ 818,000 
1,ooo , ooo 
+ 1,120 , 000 
- 100, 000 
- 160, 000 
1,200,000 
- 160 ,000 
- 88o , ooo 
Qc 2 pc2 
810,000 










~318,000 + 165 ,ooo 
+ 800,000 + 445 ,ooo 
- 100,000 - 55,000 
1,000,000 
0 + 40,000 




Qa3' Pa3 Qb3 
1,ooo,ooo 57,600 
+ 1,013 ,ooo 
+ 438 ,000 
160,000 









0 {well)O . 250,000 810,000 
+ 140,000 T 35 ,000 
+ 280 ,000 + 230,000 
+ 460,000 1,ooo,ooo 
420,000 + 310,000 
- 135 ,ooo ' - 320,000 
- 40,000 
- 70,000 
- 1 20 ,000 
- 46,000 
+ 45 ,ooo 







. + 120,000 
Qa4 

















- - - - - ------·-----
+ 306 , 000 
+ 130,000 
+ 230,000 
250 ,000 810,000 
- 150 , 000 
+ 125 ,ooo 
- 65 ,ooo 
+ 505,000 
- 65 , ooo 
10,000 





+ 95 , 000 
+ 335,000 
~ 3 80,000 
- 1?0, 000 
250 , 000 
450 ,000 
810 , 000 
+ 130 , 000 
+ 230 , 000 




... 310 , 000 
- 140,000 1,ooo,ooo -t- 300,000 - 30, 000 
- 45 , 000 
... 85 , ooo 
40,000 
+ 710,000 
+ 1 ,420,000 
300 , 000 
+ 128Jj!OOO 
- 228 , 000 
+ 550, 000 
+ 6oo, ooo 
400 , 000 
T 100 , 000 
Qc 7 Pc 7 
1,ooo,ooo 
- 98 , 000 
- ~ ,ooo 
360, 000 
- 550 , 000 
+ 205 , ooo 
+ 190, 000 
+ 75 , ooo 
-t-150 , 000 
+ 295 , ooo 
Qa8 
+ 306 , 000 
-t-776 , 000 
-416, 000 
- 72 , ooo 
+ 2 4 , 00() 
+ 178 , 000 
450, 000 
pa8 




+ 230 ,000 
-t- 3 70,000 
-t- 450,000 
+ 210 , 000 
1, ooo , ooo 9o , ooo 
- 195,000 + 365 , 000 
-150,000 + 825 ,ooo 
- 55 ,ooo 450 , 000 
- 940, 000 
- 426,000 
- 150,000 
-t-46 , 000 
Qb8 pb8 Qc8 Pc8 
490 , 000 1,ooo, ooo 
- 6 , 000 
-33 , ooo 
+ 235 , ooo 
-t- 2 2 ' 000 
+ 278 , 000 
+ 620, 000 
620 , 000 




+ 350 , 000 
+ 465 , ooo 
+ 5o , ooo 
+140 , 000 
+ 204 , 000 
Qa9 




- ss,c: -::CJ 
Q . 
c10 
500 , 000 
p 
a9 
250 , 000 
500 , 000 
t)50,("1/'V) 
c10 
---------- - ·· --·- -· - - ----·---· ---
640 , 000 1,ooo,ooo 36o ,ooo 
- 56 ,000 
+ 222,000 
640 , 000 1,ooo , ooo 
+ 67 , ooo 
... 235 , ooo + 3 6 , 000 
+10 , 000 
- 123,000 
- 1 00 , 000 
4 90 , 000 
+ 446, 000 
+ 858,000 
900, 000 
- 228 , 000 




-105 , ooo 










of' 55 0 ' 000 
+ 565 ,ooo 
700 , 000 
- 244,000 
- 5o ,ooo 
- 116 ,000 
1,210,000 640 , 000 
- 94 , 000 
Qb13 p bl3 
1,210, 000 
- 31 ,000 
1'"50, 000 
+ 408 , 000 
-t-464,000 
-146 , 000 
- 122 , 000 
Q.c13 
- 2 , ooo 





1,ooo , ooo 
- 142 , 000 
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TABLE V 
Qa2 pa2 Qc2 Pc2 Qc3 Pc3 Qa6 p 
-· a6 
6oo,ooo 1,ooo,ooo 1,ooo,ooo 400,000 
-580,000 +230,000 -110,000 + 348,000 
450,000 +14'f ,ooo + 180,000 ·soo,ooo 
-160,000 1,200,000 1,100,000 +170,000 
+ 94,000 -28$,000 -113,000 +-270,000 
+ 60,000 -1a;,ooo -107,000 +-326,000 
+ 28,000 1,150,000 -137 ,ooo aoo,ooo 
+14,000 -160,000 1,050,000 -50,000 
+ 8,000 -116,000 
-35,000 -32,000 
458,000 1,100,000 -8,5',000 -22,000 
453,000 -13,000 1,020,000 -18,000 
- 1,000 -42,000 -24,000 780,000 
452,500 1,080,000 -46,000 ..... 7,000 
+ 412 0 1,ooo,ooo 785,000 
- 250 -2o,ooo -3000 -+-1 ,300 
1,070,000 -13,000 +4,000 
+ 16,000 995,000 787,000 
+ 1000 -3000 +2,000 
+ 2800 -2000 +2500 
-3300 -soo + B,ooo 
1,069,000 -t- 1200 -9,200 





Qc6 pc6 Qa10 palO QclO PclO 
1,ooo,ooo 700,000 1,ooo,ooo 
-t- 20,000 +126,000 -18,000 
+53,000 -ta144,000 +89,000 
+73,000 -t-254,000 1,200,000 
1~150,000 1,ooo,ooo -49,000 
-111;000 -t8,ooo +33,000 
'i-22,000 -t-84,000 +63,000 




+16,000 .... 62,000 -1o,ooo 
+ 12,000 1,15'0,000 +40,000 
+11,000 + 24,000 +13,000 
+5,000 1,180,000 1,305,000 
+ 6,300 + 2,000 -t-9,700 
1,155,000 0 ,. 1,320,000 
-6,100 -3,600 :- 1,800 
1,16),000 +3000 ..... 1,100 
-3,500 -t-2,600 +900 
- ),000 1,183,000 i2,800 
1,160,000 +400 1,325,000 . 







A second simplification will now be solved for the drainage area. 
The network is shown in Fig. 4. The proceedure is the same as for the 
first simplification and the original assumptions for p2 will again be 
the last determined in the tabulation in Table III. Table VI tabulates 
the value of k~QA for the pipes in the second simplification. 
Z..t(L. 
Pipe 
aO - al 
al - a3 
a3 - a5 
a5 - a8 
a8 - al2 












bO - bl 
bl - b3 
b3 - b5 
b5 - b8 
b8 - bl2 
bl2 - bl4 
Value of 









al - bl 
bl - dl 
a3 - b3 
b3 - d3 
a5 - b5 
b5 - d5 
a8 - b8 
b8 - d8 
al2 - bl2 














Table VII shows the results of the computations for the values 
of p2 in the second simplification. 
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dl d3 c/5 B 
·' I 
. . . ' 
~-·-· -·~ - -;·· ·-'- - -- -- - --·-·· . ~ - ·· · ----- ------· --· -- -~ --· i- ··- --......., ... --- ~- -- ----: -- -· . 
I i I 
Qal ,&l ~1 1\1 '3 p'bl Qa.S '.s 
1, 100, 000 1,a.so,ooo 410 , 000 6oo,ooo 
- 98, 000 - 2,1,000 + 2,) , 000 + ;a,ooo 
+ 444, 000 l,OT$, 000 + 202 , 000 + ,7, 000 
7$0, 000 + 64, 000 500, 000 6)0, 000 
+106. 000 _.,, ,ooo + , , 000 +s, ooo 
, ,o,ooo -4), 000 + :1-T, OOO ...ws ,ooo 
+ 34, 000 - 23 000 
• • 505,000 +26 , 000 980,000 - lJ ,OOI + 4,000 - 38., 000 ' 
- ,S , GOO -u,ooo +.),fJO 6;o,ooo 
- 24, 000 1,.06$, 000 ~.fO -~2 , 000 
'T$,000 +, ,ooo - 36, 000 
- .s,ooo + .s.eoo -44~000 
97) ,000 1- 2 , )8o - J6.,ooo 




+ 3', 850 




~.s plJ.S ~. •.a Qltl p~ Qal 2 pall Ql2 
150,000 1,ooo,ooo 1 , 175, 000 1 , 350, 000 
- , , 000 +208,000 - 1 82 , 000 
-t-8 ,000 -sooo 
1 , 310, 000 
+ :2J , J O,j l , l uu , OJ - "" 1 • .... ..., ,J + l 6, JJu -.. 5 , J)iJv 
+- 20, 000 -40 , 000 1 , 160 , 000 + 10, 000 _;_8 , 000 
-rso,ooo· 
- 70, 000 - 62 , 000 + ll, OOO ~1 , 000 
'110, 000 - 60, 000 - 1 09 , 000 + 10, 000 
+ 14 , 000 1,oso,ooo 1 , 100, 000 ~.:ooo 
-flO , OOO 
+ 40, 000 +sa,ooo - 25 , 000 +8 , 000 ilO, OOO 
+ 33 , GOO - ;8, 000 + 2 , 400 1 , 340, 000 "f ,ooo 
--t-18, 000 1 , 080, 000 - 26,000 + 6oo il,lOO 
- 12 , 000 
-13,500 ' - 4.) , 000 - 600 
1 ,3,0, 000 
- s.ooo -120,~0 1,160, 000 ~eoo 
- 7, 000 l .oso,ooo -1) , 000 
- J , 600 - 48 ,000 -:1.) , 000 
- 12 , 400 .~. l, ojo ,ooo . 1.o;o,ooo y·6o.ooo .· - 3 , 000 -., ,ooo 
+ 9. 000 ~ T8 ,90Q 1, 04$, 000 
- 1 , 000 
-a.ot,.o · 1,000, 000 - 2 , 800 - 2 , 000 
-7.500 
- 1 , 800 
- 14, 6QO 
- 9.500 
'159 .~00 - a aoo 1 , 040 , 000 ' . 
990, 000·i> ·~3 ,500 
- 4 , 000 1 , 0)0 , 000 




- 6, 000 
- u ,ooo 
· ., 
,,o,ooo 
+ 1, 400 
The network shown in Fig. 5 has now been isolated with known 
pressures at all surrounding points and will be worked as simplifi-
cation number three. Since the pipes are the same as those in the 
original problem the same values for ~ will be used. 
~.-1{ l., 
for p2 will be assumed for: 
c4 - 950,000 
e; - 1,100,000 
b4 - 6oo,ooo 
a4 - 250,000 
These values 
Table VIII shows the results of the computations for the values . 
of p2 in the third simplif~cation. 
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;.s :shown .fJor ea.ch _,Pij>e.. ~~· f're [d4 -b 4] ::: 1.0 oo . · 
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TABLE VIII 
Qa4 pa4 Qb4 pb4 Qc4 Pc4 Qc5 Pes 
250,000 6oo,ooo 950,000 1,100,000 
+ 570,000 -190,000 -t-190,000 
-450,000 
350,000 - 90,000 1,ooo,ooo -20,000 
... 75 ,ooo - 65,000 + 65 ,ooo 
-7,500 
370,000 
-45,000 1,02.5',000 1,095,000 
- 30,000 595,000 .... 2,500 +2,000 
-40,000 
- 18,000 0 +500 
360,000 - 28,000 -2,500 




- 10,000 585,000 1,023,000 
.... 5 ,ooo 0 0 
of" 3 ,ooo - 3,000 -500 
- 4,500 
- 1,500 
Now returning to the original problem, further corrections for the 
2 interior values of p have been made as shown in Table IX. The final 
values for p2 in Table IX are close enough to be considered exact and 
the problem is complete. It now remains to convert these values or p2 
back to values for pressure. These values of pressure for each interior 
point are shown on a diagram of the drainage area {Fig. 6). 
A plot or pressure versus distance along aO - al4, bO - bl4, 
cO - cl4, dO - dl4 is shown in Plate 1. 
If the drainage area or Problem 1 was of constant permeability, it 
would be possible to determine the pressure distribution by the convent-
ional analytical method. This has been done along the line aO - al4, 
and is shown as a dotted line on Plate 1. 
From Plate 1, the following conclusions can be drawn. First, that 
for constant boundary pressures all the gas from the edge or the field 
must flow into the first, or marginal, well. The boundary pressure is 
the highest value of the entire region and gas or any fluid cannot flow 
of its own accord from a region of low pressure to a region of high 
pressure. In other words, there is no way for the gas to flow away from 
the well toward the boundarys because to do this it would have to over-
come a negative pressure gradient. 
Second, for ratios of permeability change to length equal to or 
greater to that of this problem {ten to one permeability change in 
21 
5000 feet with 1000 feet well spacing) the effect of variable permeability 
is negligible. In Plate 1 the curve which would represent pressure dis-
tribution in a region of constant permeability is so close to the curve 
for pressure distribution with variable permeability that the error would 
have negligible effect on the direction of gas flow. 
With these two things in mind, the second problem is now to be solved. 
TABLE IX 
Qal pal Qb1 pbl Qcl pel Q.2 pa2 ~2 pb2 
973,000 1,o6;,ooo 1,235,000 452,000 675,000 
... 131,000 -15,000 +47,500 .... 62,000 0 
1,025,000 +38,000 +120,000 -+17,000 
-78,000 470,000 
-60,000 +25,000 
Qc2 Pc2 · Qa3 Pa3 Qb3 pb3 Q•3 Pc3 Qa4 p a4 
0 sos~ooo 995,000 360,000 1,069,000 
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1,37$,000 1,340,000 1,380,000 
+ 24 '000 +· .5' '000 
1,275,000 - 31,000 
+ 10,000 1,350,000 
- 22,000 
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PROBLEM 2 
SOLUTION OF A PROBLEM INVOLVING 
FOUH 'WELLS IN LINEAR ARRAY LEADING 
INWARD TOW.P..RD THE CENTER OF 
THE RESERVOIR 
In this problem a new drainage area is to be considered. This 
drainage area is to be drained by three wells. These three wells can 
be considered as part of a much larger field which is laid out in a 
square array. Only one row of wells need be considered (as is done 
here) since for a square array and rectangular boundarys there will be 
symmetry between rows. These three wells represent the first, or 
marginal, well and the two adjacent wells leading inward toward the 
center of the field. It will be shown that for the given boundary 
conditions that all of the gas from beyond the economic limit of the 
reservoir will flow into the marginal well. This will be done by 
considering a field production history over a period of four years 
starting with the initial year of production and continuing for the 
following three years. 
The solution of the problem involves assuming a number of shut-
in pressures over the four year period, which will represent boundary 
conditions for each of the three wells. The boundary pressures for 
the three well array will decrease over the four years for the interior 
boundarys, while the pressure at the extent of the reservoir will re-
main constant. 
k.."tCl'A · bl As in the first problem, the value of ZA( ~s to be varia e, 
but known. The solution for the four years is shown on the following 
pages. 
In this problem the given data for each of the four years is the 
same, with the exception of the boundary conditions which change from 
year to year. Consequently, the following information pertains to the 
entire problem except where noted. 
1. Well No. 1, the marginal well, is located at a4. 
Well No. 2 is located at a-4. 
Well No. 3 is located at a-12. 
(See Figs. 7, 9, 10, and 11.) 
2. Well pressure for all wells = 0 psi. 
Well bore : 0 feet (point sink). 
3· Total drainage area represented by the boundarys a-16, b-16, 
b9, and a9. 
4. The thickness of the sand is constant, i.e., A= 1. 
5. The boundary conditions are shown for each year on the figures 
which represent the drainage areas as follows: 
Year one - Fig. 7 
Year two - Fig. 9 
Year three - Fig. 10 
Year four - Fig. 11 
To solve the problem, the following assumptions must be made: 
1. The flow is isothermal. 
2. The pressure distribution need be found for only one half of 
the drainage area since there is an axis of symmetry running through 
the figure from a-16 to a9. Consequently, only one half of the total 
drainage area is shown in Fig. 7• 
&7 
3· The initial pressure assumptions at the unknown pipe inter-
sections are to be any convenient value. 
4. Since, in the first problem of this thesis it was shown that 
the effect of variable permeability is negligible, an assumption as to 
\ 
the pressure distribution of the two interior wells will be made. The 
drainage area and boundary pressures on the interior side of the first 
well are the same as those of the two interior wells, so the values of 
pressure computed for the interior side of the first well will be used 
for the pressure distribution of the other wells. This assumption will 
not be exact, but will suffice since the exact pressure at any point is 
not necessary. As long as the direction of the pressure gradient can 
be determined, the direction of the gas flow can be determined. 
As in the preceding problem, values of P2 will be used since the 
pressure distribution is proportional to the difference of the squares 
of the pressure. In the pipes where there is a change in the value of 
K~A ~ from end of the pipe to the other, an arithmetic average of 
the two end values will be used. The value of ~~A for the entire ~~ 
drainage area is shown graphically in Fig. 8. The method of calcu-
lating these pipe constants(~~)s the same as that illustrated in 
Problem 1. 
Tables X through XIII show the results of the computations for 
pressure distribution for each of the four years, Table X for year one, 
Table XI for year two, etc. 
It now remaihs to plot the pressure distribution for each of the 
four years. This is done along lines a-16 to a9, and b-16 to b9, on 
Figures 7, 9, 10, and 11 for the respective years. 
TABLI X 
Qal pal Qa2 pa2 Q•3 p•3 Qa4 · P Q•.S PaS ., 
125,000 3'fj~00~1 12,;00 0 (we11)0 1,200 
+11,500 +20,000 + 21,000 -t 24,000 
170,000 -42,000 5o,ooo 2,S,OOO 
+ 9,900 160,000 -4,500 +9,000 
210,000 -3,500 -9,000 50,000 
-4,800 120,000 (,0,000 -4,500 
200,000 -14,000 +20,000 37 ,ooo 
-1,600 +4,000 . 40,000 +14,000 
180,000 90,000 + ;,ooo +.6,000 
+6SO +8,000 so,ooo ;o,ooo 
18;,ooo +1,000 -9,000 -4,.5'00 
+ 1,000 35,000 45,000 
180,000 -1-1,300 + 1,900 
+Boo 47,000 
. -400 
Qa6 p 6 
•• 
Q-• ., p 
•7 Qa8 PaS 
3,500 23,000 114,000 
+ 22,500 + 19,000 + 1,500 J: 
4-8,1,50 \ +13,900 120,000 
so,ooo 7$,000 ....., ,ooo 
-6,650 + 6,300 200,000 
,1.oo.ooo ~.so,ooo +2,448 
-10,')00 I + 1,800 210,000 
80,000 180,000 +2,000 
~ 1,080 +3,500 220,000 
- 4,000 -150 +1,600 
+ 6,000 200,000 22,5,000 
100,000 -700 +1,200 
-5,500 195,000 230,000 
-350 -t-850 
TABLK XI 
Qal Pal Qa2 Pa2 Q•3 p•3 Qa4 p Q•.S p.; a4 
12;,ooo· ;o,ooo 2S,OOO 0 (well) 0 2;,ooo 
-+3 ,700 +12,600 +4,800 + 4,400 
+5,150 100,000 15,000 45,000 
140,000 +31,500 - 4S ,100 - 2,000 
+ 1,100 -3,800 42,000 40,000 
150,000 90,000 -11,000 + 2,500 
-1,400 -8,200 - 8,000 42,000 
160,000 95,000 31,000 -so 
+220 -soo -18,500 3.5',000 
0 87 ,soo - ss,ooo -1000 
155,000 -1,000 ss,ooo 
+310 90,000 -4,500 






Qa6 Pa6 Qa7 pa7 Qa8 PaS 
-
__ ,._., __ --
50,000 100,000 150,000 
+ .s,ooo + 6,200 + 3,700 
100,000 180,000 200,000 
- 11,800 -2,300 + 1,000 
- 10,.5'00 183,000 210,000 
95,000 -3,800 +400 
- 7,500 185,000 + 440 
70,000 
- 3,500 200,000 




Qal Pal Qa2 p Qa3 p•3 Qa4 p e QaS pa5 a2 a4 
80,000 45 ,ooo 20,000 0 (well) 0 20,000 
• 1,000 -1,600 +500 +300 
75,000 42,000 -850 17,000 
.... 140 -270 -900 
0 
Qa6 Pa6 Qa7 Pa7 Qa8 PaS 
45,000 90,000 140,000 
-4,000 -~,000 + 1,000 
42,000 95,000 145,000 
-2,400 
-1,870 +630 
35,000 85,000 15.5',000 




38 ,ooo . 21,000 9,900 0 (well) 0 8,950 
-120 -130 -240 -30 
18,500 56,000 128,000 
~ 680 ~ 150 
' · lr· ~ 
.f:?$0 ooo 
p- ~ 
. : 2So 000 .2SO OO_Q 
. L- /.J;' . 
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From the solutions of the two problems, the following conclusions 
can be drawn. Considering first the initial problem of the thesis, two 
things are apparent from its solution. One, for normal variance of 
permeability with distance, the pressure distribution curves are only 
slightly different from the curve of a similar region of constant 
permeability. That is, permeability changes have little effect on 
pressure distribution where distances are on the order of those in 
problem one, or greater. Two, for boundary conditions such as those 
given in problem one, all the gas from the given drainage area will 
flow into the single well. The proof of this lies in the shape of the 
curves in Plate One and a paraphrase of one of the laws of thermodynamics. 
Namely, gas cannot, in a natural process, flow from a region ot low pres-
sure to a region of high pressure. From the shape of the curves ia Plate 
One, it can be seen that for any point in the drainage area the pressure 
gradient is toward the well. 
In the second problem three wells in line array leading toward the 
center of the field were considered over a period of four years. From 
the pressure distribution curves for each year the following conclusions 
can be drawn. First, that for the given boundary conditions all the gas 
from beyond the economic limit ot the reservoir will flow into the first, 
or marginal well, at all times during the four year production period. 
Also, the marginal well will drain half of the area between it and the 
next well. Since the volume of gas in the drainage area of the marginal 
well may at times be quite large in relation to the volume of gas in the 
drainage area ot any interior well, it may be quite advantageous to drill 
and produce marginal wells. Any bottom hole pressure below that which 
would exist if the well was not producing would cause the pressure 
gradient of the marginal drainage area to be toward the marginal well, 
for the given problem in this thesis. Naturally, the bottom hole 
pressure of the marginal well will influence its production. rate, zero 
pressure giving the maximum. 
Some comment on the use of the relaxation method in solving steady 
state fluid flow problems is in order here for those who may wish to 
continue work in this field. Technically, the relaxation method is 
valid for problems of this type and will lead to satisfactory solutions, 
but it has some drawbacks. For problems involving a large number of 
unknown points, say thirty or more, the work required for solution of 
the problem may be out of reason. It might be, however, that an electric 
circuit could be set up to duplicate the pipe network and thereby elimin-
ate the tedium and time required tor thousands of calculations. 
Also, the relaxation method may not give satisfactory solutions 
where multiple sinks are involved if there is no symmetry of drainage 
areas. It is necessary to locate all the highs and valleys of pressure 
distribution before laying out the equivalent pipe network, and have 
pipes in close proximity to the regions of maximum and ~imum to ob-
tain valid solutions. In effect, the pressure distribution must be 
known to some extent, or else the equivalent pipe network must involve 
enough points to insure that all unknown maximum and minimum pressure 
changes be located. 
Finally, all boundary conditions must be known or obtained from 
some other data prior to solution, as the relaxation method requires 
known boundary conditions. 
Two problems have been solved by the relaxation method in this 
thesis. The first involves a single marginal well draining a rectangular 
drainage area of variable permeability. With the given boundary cond-
itions two things are shown. First, that variable permeability has 
negligible effect on pressure distribution and second, that all the 
gas from the entire drainage area will flow into the well. 
The second problem involves three wells ta line array draining 
a rectangular area of variable permeability. By calculating a four 
year pressure distribution history it has been shown that tor the given 
boundary conditions all the gas from beyond the economic limit of the 
reservoir will flow into the first, or marginal well. 
Some comments on the relaxation method, as a method or solution 
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